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For certain Baer Gngs A (including all von Neumann algebras). the lattice 
L(A) of idempotemgenerated principal right ideals has the following property: for 
idempotents e. f in A, the ideals eA, fA are isomorphic as right A-modules if and 
only if there exist orthogonal decompositions e = e, t eL ,f = f, + fi such that e,, f, 
are similar (i= 1, 2). The analogous result is proved for (von Neumann) regular 
right self-injective rings, and the similarity of idempotents e,Jin A is related to the 
perspectivity of eA. fA in L(A). 
Let A be a Baer ring [S, p. 3 1, L(A) the set of right ideals eA, e 
idempotent, that is, the set of right annihilators S’ of subsets S of A; ordered 
by inclusion, L(A) is a complete lattice, with 
for families (I,) in L(A). One also writes I A J = I n J, I V J = (I + J)” for 
I, J in L(A). 
If e, f are idempotents in A such that eA z~A as right A-modules 
(equivalently, Ae : Af as left A-modules), one writes e -Of and one says that 
e, f are (algebraically) equivalent 15, p. 21, Theorem 14 1. Idempotents e, f in 
A are similar (f = xex-’ for suitable x) if and only if e -“f and 1 - e -” 
1 - f; idempotents e, f such that eA = fA are similar [ 5. p. 24, Exercise 4 1. 
Ideals I, J in L(A) are said to be perspective in L(A) if there exists 
KEL(A)suchthatZVK=JVK=AandIAK=JAK=O(thedefinition 
makes sense in any lattice with smallest and largest element). Caution: A = 
I @ K = J@ K for some K implies I, J are perspective, but not conversely. 
Let A be a Baer *-ring, A,, its projection lattice 15, p. 29, Theorem 19 1. 
For every idempotent f in A, there exists a projection e in A such that 
fA = eA (becausefA = { 1 -f}‘); thus e 1--1 eA is an order-isomorphism of A,, 
onto L(A). Projections e, f in A are said to be :+equivalent, written e -*f, if 
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there exists an element w E A such that uj*w = e and M?W* = f (w is called a 
“partial isometry”). Projections e, f in A are said to be unitarily equivalent, 
written e -’ f, if there exists w E A with NJ*U* = ww* = 1 and wew* =f; one 
has e-“f if and only if e-*f and 1 -e -* 1 -f. One says that A satisfies 
the parallelogram law (P) if e - en f -* e V f - f for every pair of 
projections e, f. 
LEMMA 1 [ 5, pp. 119-1201. Let A be a Baer *-ring satisfying (P). Zfe, f 
are idempotents in A such that eA, fA are perspective in L(A), then e, f are 
similar; if, moreover, e, f are projections, then they are unitarily equivalent. 
Proof: Write eA = @A, fA =fA with p, J‘ projections. Then 2, f are 
perspective in A,, so there exists gEA, with FUg=fUg= 1, eng= 
f f? g = 0. Substitution of 2, g into the parallelogram law yields t?-,* 1 - g: 
likewise f-* 1 - g, so e-* f But 1 - e, 1 -f are also perspective, so 
1-e -* I - 7, therefore e-‘f, in particular .Z f are similar; since e, I? are 
similar and?, f are similar, so are e. f. I 
(See also the corollary .of Theorem 2 below.) 
A Baer :i:-ring A is said to have generalized comparability (GC) for -* if, 
for every pair of projections e, f, there exists a central projection u such that 
ue-*f’<uf and (1 -u)f -* e’ < (1 - u)e for suitable projections e’. f ‘. 
It is a theorem of Maeda and Holland that (P) 3 GC [ 9, Theorem 2. I]. 
Suppose A is a Baer 4:.ring satisfying (P), in other words, the equivalence 
relation - * on A, satisfies Kaplansky’s axiom H [ 5. p. 8 1 I. As in any Baer 
.i:-ring, - * satisfies axioms A-D and F [ 5, p. 47 1; since GC holds for -* so 
does axiom E. In brief, -* satisfies axioms A-F and H. The same is true for 
-’ (in Theorem 2 below, we show that these two relations on A, coincide): 
LEMMA 2 16, p. 83, Theorem 2.1(i)]. If A is a Baer :+ring satisfving (P). 
then the equivalence relation wN on A,, satisfies axioms A-F and H. 
Proof Since axioms E and H hold for :+equivalence, they hold a fortiori 
for equivalence. Axioms A-D hold for equivalence in any Baer +ring 
1.5, p. 47 1. so it remains only to check axiom F. Assuming e, f are otthogonal 
projections and e = sup ei, f = sup A, where (e,)ic,, (fr)ie, are orthogonal 
families of projections such that e, - “f. for all i. we are to show that e-Of. 
Since ei, f. are orthogonal and equivalent. they are perspective 16, p. 8 1, 
Lemma 2.4; 5, p. 48, Exercise 41, therefore ei -*fi by Lemma 1; since 
axiom F does hold for +equivalence, we conclude that e -*f. 1 
Suppose A is a Baer a:-ring satisfying (P). Since GC holds for -*. it holds 
a fortiori for -” (this is also a consequence of Lemma 2 15, p. 87, 
Theorem 57 I). Also, *:-equivalence is completely additive (I 1, p. 129. 
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Theorem 11 or [5, p. 82, Theorem 541) and, by virtue of Lemma 2, so is 
equivalence [5, p. 82, Theorem 541. In particular, axiom G (central 
additivity) holds for both of these relations, thus both relations satisfy 
axioms A-H. In the presence of (P), the two competing notions of 
“finiteness” (e - 1 * e = 1) coincide: 
LEMMA 3 16, p. 83, Theorem 2.2(ii)]. ZfA is a Baer *-ring satisfying (P) 
and if A is *-finite, then A is directly finite. 
ProoJ By hypothesis, A is finite for -* (XX* = 1 d x*x = 1). Assuming 
xy = 1, we are to show that yx = 1. Suppose to the contrary. Then f = yx is 
an idempotent such that f mu 1 and f # 1. Write fA = f, A, f, a projection: 
then f, -’ 1, f, # 1. Let e, = 1 - f, ; then e, + f, = 1 -“f, . whence (by 
axiom C for -“) a decomposition f, = e2 + f2 with e,, f, orthogonal 
projections such that e, =a e, and f, -“f,. Continuing, one obtains an 
infinite orthogonal sequence (e,) of nonzero projections such that e, -‘I err 
for all m, n. As argued in Lemma 2, e, - * e, and we have a contradiction to 
:!:-finiteness [ 1, p. 105, Proposition 4 1. 1 
Under the hypotheses of Lemma 3, the projection lattice of A is a 
continuous geometry [5, p. 117, Theorem 691. 
Let A be a Baer *-ring satisfying (P). If e is a projection of A, Lemma 3 
shows that eAe is *-finite if and only if it is directly finite; we say simply 
that e is a finite projection. If e and f are finite projections, then so is e U f 
([ 5, p. 86, Theorem 56 1 or 11, p. 107, Theorem 3 1). 
THEOREM 1. Let A be a Baer *-ring satisfying (P) and let e, f be finite 
projections of A. Then the following conditions are equivalent: 
(a) e -“S; 
(b) e-*f; 
CC) e, fare similar; 
(d) e, f are unitarily equivalent; 
W e, f are perspective in A,. 
Proof: (e) ti (d) as in the proof of Lemma 1. 
(d) * (b) and (c): Trivial. 
(b) or (c) 2 (a): Trivial. 
(a) * (e): In view of Lemma 2, this is a special case of 15, p. 120, 
Theorem 7 11. n 
It follows that if the finite projections e, f are similar in A then they are 
similar (even unitarily equivalent) in (e U f) A(e U f). The equivalence of 
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(a) and (e) means that if I, JE L(A) are directly finite as right A-modules 
(see Lemma 7 below), then I ” J if and only if I, J are perspective in L(A). I 
am indebted to the referree for pointing out that the following result is 
contained in 17, p. 404, Corollary 5 1, and for suggesting the simple proof 
given below: 
THEOREM 2. If A is a Baer 4:.ring sarisAving (P) and if e, f are 
projections uch that e -‘f, then e -*f. 
Proof If the projections are orthogonal, then the argument in the proof 
of Lemma 2 is applicable. In the general case, dropping down to 
(e Uf) A(e Uf), we can suppose that eU f = 1. Let h be a central 
projection such that he is finite and (1 - h)e is properly infinite [ 5. p. 14; 
1, p. 96, Exercise 7 J. By Theorem 1, he -* hf, so we need only show that 
(1 - h)e - * (1 - h) f; dropping down to (1 - h)A, we can suppose that eAe 
is properly infinite (hence so is the isomorphic ring fAf ). Write e =: e, + e, 
with e,, e, orthogonal projections such that e, -* e -* e, 11, p. 103. 
Theorem 1, (2)]. Citing (P). 
I-e--*f-efTf<f-“e-*e2, 
therefore 1 - e -’ e’ < e, for a suitable projection e’ 15, p. 42. Theorem 28 1. 
Then 
e, + (1 -e) -’ e, + e’ < e, + ez = e -” e, < e, + (1 - e), 
whence e, + (1 -e) -’ e, by the SchrGder-Bernstein theorem [ 5, p. 61, 
Theorem 411. But e, -’ ez, so e, + (1 - e) -’ e, ; the projections e, $ (1 - e) 
and e, being orthogonal, we conclude that e, + (1 - e) -* ez. .Already 
ez - * e,, so by the additivity of *:-equivalence we have [e, + (1 - e)l + eL -* 
cz + e, , that is, 1 -* e. Similarly 1 -*f, therefore e -*f. 1 
COROLLARY. In a Baer +ring satisfying (P), the following conditions on 
a pair of projections e, f imply one another: (a) e, f are similar; (b) e, f are 
unitarilv equivalent; (c) e -“f and 1 - e -(I 1 -J 
Proof: (b) + (a): Trivial. 
(a) 3 (c): Valid for idempotents in any ring with unity. 
(c) 3 (b): By Theorem 2, e -*f and 1 - e -* 1 -f. therefore 
e-‘f. I 
A :s-ring A is said to satisfy the square-root axiom (SR) if, for every x E A, 
there exists r E {x*x}” (the bicommutant of x*x in A) such that r* = r and 
X*X = r’; in such a ring, equivalent projections are +equivalent 15, p. 35. 
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Theorem 271, therefore similar projections are unitarily equivalent. In a Baer 
wring, (SR) 3 (P) [ 8, Theorem 2 1. 
The following two conditions on a *-ring A were introduced by Maeda 
and Holland 191: 
(:i:) For every partial isometry MI E A there exists an invertible 
central element c such that 1 + cw is invertible. 
(::::i:) If (e,) is an infinite sequence of pairwise orthogonal projections 
and if f is a projection such that fe,f is independent of n, then fe,, = 0 for 
all n. 
As noted in 191, the conditions (*), ($4:) hold in every C*-algebra with 
unity. 
LEMMA 4 19, Theorem 3.21. In a Baer *:-ring satisfying (P), (:!:) and 
(:I:*), projections e, f are perspective if and only if they are unitari1.v 
equivalent. 
The coincidence of perspectivity and unitary equivalence was proved for 
von Neumann algebras by Fillmore [ 3 1 and for A IV*-algebras by Elliott 12 1. 
{Lemma4 is stated in 191 for Baer *-rings satisfying (SR), (*) and (*::I:); 1 
am indebted to the referree for pointing out that the arguments used there are 
valid with the weaker condition (P).} 
LEMMA 5. Let A be a Baer :I--ring satisfying (P), (*) and (*i:), and let e, 
f be idempotents ofA. Then e, f are similar if and only if eA, fA are 
perspective in L(A). 
Proof “If’: Cite Lemma I. 
“Only if’: Write eA = .?A, fA = fA with Z, f projections. By 
hypothesis, e, f are similar; so are 2, e and f,T Therefore F, f are similar. 
hence unitarily equivalent (corollary of Theorem 2), hence perspective in A,, 
(Lemma 4), therefore eA = @A and fA = ?A are perspective in L(A). 1 
LEMMA 6. In a Baer *:-ring satisfying (P). projections e, f are 
+equicalent tf and only’ I$ there exist orthogonal projection decompositions 
e = e, + ez. f = f, + fi with ei, f. unitarily equicalent (i = 1, 2). 
Proof The “if’ part is trivial and does not require (P). Conversely. 
suppose e - *f. As noted in the proof of Theorem 2, there exists a central 
projection h such that, on setting e’ = he, e” = (1 ~ h)e, we have e = e’ + e” 
with e’Ae’ finite and e”Ae” properly infinite. Dropping down to hA or to 
(1 - h)A, we can suppose either that e (hence f) is a finite projection or that 
eAe (hence fAf) is properly infinite. In the former case, eU f is a finite 
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projection, so e and f are unitarily equivalent in (e Uf) A(eUf) [ 1, p. 105, 
Proposition 41, hence in A (alternatively, cite Theorem 1). In the latter case 
there exist orthogonal decompositions e = e, + e,, f = f, + fi with e; -* e 
andfi-*ffor i= 1,2 11, p. 103, Theorem 11. Then e,-*e-“f-*f,, so 
e, -*f, ; also 
I-e,=l-(e-eez)=(l-e)+e,-*(l-e)te=l, 
Similarly 1 -f, -* 1, so 1 -e, -* 1 -f,, therefore e, -“f,. Similarly 
e2 -‘If,. I 
{Lemma 6 is stated in 11, p. 109, Exercise 17 1 with (P) weakened to GC, 
but I do not see how to prove the more general statement; I am grateful to 
the referee for questioning this exercise.} 
THEOREM 3. Let A be a Baer d--ring satisjjkg (P), (:I:) and (:!::I:). For 
idernpotents e, f in A. the following conditions are equivalent: 
(a) eA E fA as right A-modules: 
(b) there exist orthogonal idempotent decompositions e = e, + e?, f = 
f, + fi such that e,A, fiA are perspectitle in L(A) (i = 1. 2). 
Proof (b) - (a): By Lemma 1. e, -“f. (i = 1, 2). so e -“f: 
(a) 2 (b): Write eA = FA. fA_= fA with F, f projections. Then F-“? 
by the hypothesis, therefore F-* f (Th eorem 2). By Lemma 6, there exist 
orthogonal decompositions F = 2, + Fz. f= 7, + sz such that 2,. 7, are 
unitarily equivalent, hence similar (i = 1, 2). The similarity of e and F 
induces a decomposition e = e, + ez. where e,. ez are orthogonal idem- 
potents such that e,, F; are similar (i = 1. 2): likewise f = f, + f2 with f,, f, 
orthogonal idempotents such that fi, 7, are similar. Then e,, f, are similar 
(i= 1, 2), hence, by Lemma 5. e,A,f,A are perspective in L(A). 1 
Lemmas 4 and 6 also yield the following: in a Baer +ring A satisfying 
(P), (::-) and (:!::I:), projections e, f are z-equivalent if and only if thelre exist 
orthogonal projection decompositions e = e, + eZ. f = f, +,f, with e,. f, 
perspective in A,, (i = 1. 2). 
We now turn to the analogues of the above results for regular. right self- 
injective rings (such rings are Baer rings [cf. 4, Proposition 9.1 or 
Corollary 13.51). In the absence of an involution, interest focuses on the 
conditions of Theorem 1 expressible in terms of idempotent-generated prin 
cipal right ideals. 
DEFINITION. Let A be a ring, L(A) the set of all idempotent-generated 
principal right ideals of A. We say that I, J E L(A) are similar if (i) I2 J (as 
386 S. K. BERBERIAN 
right A-modules), and (ii) there exist I’, J’ E L(A) such that A = I @ I’ = 
J @ J’ and I’ 2 J’. 
Remarks. (1) Let I, J E L(A), say I = eA, J= fA with e,fidempotents. 
Then Z, J are similar if and only if e, f are similar. {Proof: Suppose I, J are 
similar and that, in the notation of the definition, I’ = e’A, J’ = f ‘A with e’. 
f’ idempotents. From Zg J and I’ g J’ we get e -“f and e’ -“f’. Also 
(1 -e)A zA/eA=A/ZzZ’=e’A, so 1 -e-‘e’; likewise 1 -f -“ft. 
hence 1 - e -’ 1 - f. Thus e, f are similar. The converse is obvious.} Thus 1. 
J are similar if and only if J = xix- ’ for some X. 
(2) Under the hypotheses of Lemma 5. I, J E L(A) are similar if and 
only if they are perspective. 
(3) Let R be a regular ring and let I, JE L(R) (which is a 
complemented modular lattice [ 4, p. 15, Theorem 2.3 1). If I, J are perspective 
in L(R), then they are similar. {Proof: Say Z @ K = J @ K = R. Then Z z J 
and one can take I’ = J’ = K in the definition. } 
A module is said to be directly finite if it is not isomorphic to a proper 
direct summand of itself [4, p. 49 ]. 
LEMMA 7. Let A be a ring, e E A idempotent. Then eAe is a directly 
finite ring if and only tf eA is a directly finite right A-module. 
Proof. Since eAe g End,,,(eA), this is immediate from 14, p. 49. 
Lemma 5.11. I 
LEMMA 8. Let R be a regular ring sctisfying general comparability. If I. 
JE L(R) are directly finite (as right R-modules), then so is Z + J. 
Proof Since Z+J=ZVJEL(R), one can write Z+J=Z@H for 
suitableHEL(R) [4,p.6,Theorem1.11].AlsoZ~J=ZAJEL(R)soone 
can write J = (If? J) @ K with K E L(R); then Z + J = Z @ K. Since J is 
directly finite, so is its summand K. thus Z $ J = I @ K with I, K directly 
finite; since R has general comparability, Z@ K is also directly finite 14. 
p. 87, Corollary 8.15 1. {Incidentally, I @ H = I + J = I @ K: adding to Z a 
complement of Z + J in L(R), one sees that H, K are perspective in L(R). 
therefore H, K are similar (Remark (3) above).} 1 
LEMMA 9. Let R be a regular, right self-injectice ring, e E R an 
idempotent. Then there exists a central idempotent h such that, on setting 
e’ = he, e” = (1 -~ h)e, e’Re’ is directly finite and e”Re” is properly infinite. 
Proof Applying [ 5, p. 12, Theorem 10) to the Baer ring eRe, we find a 
central idempotent u of eRe such that ueRe is directly finite and (e - u) eRe 
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is properly infinite. Since R is semiprime [4, p. 2, Corollary 1.2 ], u = he with 
h a central idempotent of R 15, p. 15, Theorem 131. 1 
LEMMA 10. If R is a properly infinite, regular, right self-injective ring, 
then there exists an idempotent g E R such that g-a 1 -a 1 - g. 
Prooj One has R, 2 2R, (4, p. 117, Theorem 10.16 1, thus R == I@J 
with I, JE L(R) and I=Jz R,; let g be an idempotent such that .I = gR 
and J = (1 - g)R. 1 
The analogue of Theorem 3 for regular, right self-injective rings is as 
follows: 
THEOREM 4. Let R be a regular, right selfinjective ring, and let I, 
J E L(R). The following conditions are equivalent: 
(a) I z J as right R-modules; 
(b) one can write I = I, @l I,, J = J, @ Jz, where I;, J, are in L(R) 
and Ii, Ji are similar for i = 1, 2. 
Proof: (b) + (a): Immediate from the additivity of w”. 
(a) t, (b): Write I = eR, J = fl with e, f idempotents. Dropping down 
to a direct summand of R, it suffices by Lemma 9 to consider the following 
two cases. 
Case 1. eRe properly infinite. 
By Lemma 10 one can write e= e, + e,, where e,, ez are orthogonal 
idempotents such that e, -’ e -‘I e,. The equivalence e -“f induces an 
orthogonal decomposition f = f, + fi with e, -"f, (i = 1, 2). whence f, -” 
f-"fi. Then 
l-e,=(l-e)+e?-“(l-e)+e=l, 
likewise 1 -f, -I( 1, so 1 - e, w” 1 -f, : also e, -“f,, so e, , f, are similar. 
Likewise e2, f, are similar. 
Case 2. eRe directly finite. 
By Lemma 7, I = eR is a directly finite module, hence so is the isomorphic 
module J; since R has general comparability 14, p. 102, Corollary 9.15 ], 
I + J is also directly finite (Lemma 8). Write I + J = gR, g idempotent; then 
gRg is a regular, right self-injective ring 14, p. 98, Proposition 9.81 and is 
directly finite (Lemma 7), hence it is unit-regular [4, p. 102, Theorem 9.17 ]. 
Thus, the ring End,(l + J) = gRg is unit-regular, so from Z 2 J we infer the 
existence of KEL(R) such that Z@K=J@K=Z+J 14, p.39, 
Corollary 4.4 ]. Then K @ (1 - g)R is a common complement of I, J in 
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L(R), thus I, J are perspective in L(R), therefore I, J are similar (Remark (3) 
above). 1 
The preceding argument shows that if I, J E L(R) are directly finite, then 
the following conditions are equivalent: (a) I g J; (b) I, J have a common 
complement relative to I + J; (c)I, J are perspective in L(R); (d) I, J are 
similar. This is the regular ring analogue of Theorem 1; the following 
theorem shows that one cannot dispense with finiteness: 
THEOREM 5. Let R be a regular, right selfinjective ring. The following 
conditions are equivalent: 
(a) R is unit-regular; 
(b) ideals I, JE L(R) are similar if and only if they are perspective in 
L(R). 
ProoJ (a) * (b): A unit-regular ring is directly finite 14, p. 50. 
Proposition 5.21, so the preceding remarks apply. 
(b) 3 (a): Assume to the contrary that R is not unit-regular; then R is 
not directly finite [4, p. 102. Theorem 9.171 and, dropping down to a direct 
summand, we can suppose that R is properly infinite. Then R, z 2R, 14, 
p. 117, Theorem 10.161, so L(R) 2 L(2R,) as lattices. It is clear from the 
hypothesis (b) that perspectivity is transitive in L(R). hence in L(2R,), 
therefore R is unit-regular by a theorem of Handelman 14. p. 46, 
Theorem 4.24 1, contrary to assumption. 1 
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